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Introduction
1 Sobolev Inequalities (1)

1 Sobolev Inequalities (I1)

Classical Sobolev Inequalities (~ 1938)

f:R"—R
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Introduction

bolev Inequ

Classical Sobolev Inequalities (~ 1938)

f:R"—R

o if l<p<+oo, =1+
1
Ifllee < ClI(=8)2F|1e

where ((fA)%f)A(f) = C|§|?(£)
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Introduction
Inequalities (1)

Inequalities (1)

Classical Sobolev Inequalities (~ 1938)

f:R"—R

o ifl<p< +o0, 1=14

p

Q=

1fllee < ClI(=A)2f]|ce
where ((fA)%f)A(f) = cl¢[F(€).
e if 1=p, 1:%—1—%2

[fllea < CIIVE]l L
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Introduction
>bolev Inequalities (1)

bbolev Inequalities (I1)

Classical Sobolev Inequalities (~ 1938)

f:R"—R

o ifl<p< +o0, 1=14

p

Q=

1fllee < ClI(=A)2f]|ce
where ((fA)%f)A(f) = cl¢[F(¢).
e if 1=p, 1:%—1—%2

[fllea < CIIVE]l L

Two very different inequalities ! )
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Introduction
Sobolev Inequalities (1)

Sobolev Inequalities (1)

Why so different ?
— fl<p<4oo:
1
[(=A)2 e[Vl

since (—A)2f =fx K

(Hedberg inequality, Lorentz spaces, etc.) — Sobolev inequality
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Introduction
Improved Sobolev Inequalities (1)

Improved Sobolev Inequalities (I1)

Why so different ?
— fl<p<4oo:

1
1(=2)2 [ o==[[VF]|Lo

1

since (—A)2f =fx K

(Hedberg inequality, Lorentz spaces, etc.) — Sobolev inequality

— Ifl=p:
1
I(=A)2 AV

less tools at hand...
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Introduction

Improved Sobolev Inequalities (1)

Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Gérard, Meyer, Oru ~ 1997)

For a function Vf € LP(R") and f € BZ/>°(R")

Iflls < CIVAILe I Fll gpoe™ ™

where 1<p < g < +00, 8 = p/q, 0 = (1 —0)5.
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Introduction

Improved Sobolev Inequalities (1)

Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Gérard, Meyer, Oru ~ 1997)

For a function Vf € LP(R") and f € BZ/>°(R")

Iflls < CIVAILe I Fll gpoe™ ™

where 1<p < g < +00, 8 = p/q, 0 = (1 —0)5.

If (Sobolev), we have L9 C BZP* and

1l g=poe \ " ° Cliffls \
VFf —_— <||VFf
” ”“’(llwnm <1v7le (o)

C/”foLP

Ifllea < IVAILG I o

IN
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Introduction

Improved Sobolev Inequalities (1)

Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Gérard, Meyer, Oru ~ 1997)

For a function Vf € LP(R") and f € BZ/>°(R")

Iflls < CIVAILe I Fll gpoe™ ™

where 1<p < g < +00, 8 = p/q, 0 = (1 —0)5.

If (Sobolev), we have L9 C BZP* and

1l g=poe \ " ° Cliffls \
VFf —_— <||VFf
” ”“’(llwnm <1v7le (o)

C/”foLP

Ifllea < IVAILG I o

IN

— First proof was based in a Littlewood-Paley decomposition
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Introduction

Improved Sobolev Inequalities (1)

Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Gérard, Meyer, Oru ~ 1997)

For a function Vf € LP(R") and f € BZ/>°(R")

Iflls < CIVAILe I Fll gpoe™ ™

where 1<p < g < +00, 8 = p/q, 0 = (1 —0)5.

If (Sobolev), we have L9 C BZP* and

1l g=poe \ " ° Cliffls \
VFf —_— <||VFf
” ”“’(llwnm <1v7le (o)

C/”foLP

Ifllea < IVAILG I o

IN

— First proof was based in a Littlewood-Paley decomposition
— The case p =1 can not be treated by this method
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Introduction

Improved Sobolev Inequalities (1)
Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Ledoux ~ 2003)

IFVF € LP(R") and f € Bx*°(R"), we have

IFlls < CIVANZ NI 5

with 1<p < g < +00, 8 = p/q and f =6/(1 — ).
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Introduction

Improved Sobolev Inequalities (1)
Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Ledoux ~ 2003)

IFVF € LP(R") and f € Bx*°(R"), we have

IFlls < CIVANZ NI 5

with 1<p < g < +00, 8 = p/q and f =6/(1 — ).

— Semi-group properties related to Laplacian and heat kernel
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Introduction

Improved Sobolev Inequalities (1)
Improved Sobolev Inequalities (I1)

Improved Sobolev Inequalities (Ledoux ~ 2003)

IFVF € LP(R") and f € Bx*°(R"), we have

IFlls < CIVANZ NI 5

with 1<p < g < +00, 8 = p/q and f =6/(1 — ).

— Semi-group properties related to Laplacian and heat kernel

We will see here how to improve these inequalities in the
setting of Stratified Lie groups J
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Stratified Lie groups An example : the Heisenberg group (1)
An example : the Heisenbe oup (1)

The structure of the Heisenberg group

e Consider x = (x1, X2, x3) € R® and the non commutative group law

1
x-y = (x1,x2,%3)-(y1,¥2,y3) = (x1 + y1, 6t ys+ 5y — yix2)).
® Define §, for a > 0 by
0o ' R® — R?

x = (x1,x,x3) — da[x] = (ax, X2,(,¥2X3)

Topological dimension n = 3, Homogeneous dimension N = 4.
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Stratified Lie groups An example : the Heisenbe
An example : the Heisenbe

The structure of the Heisenberg group

e Consider x = (x1, X2, x3) € R® and the non commutative group law

1
x-y = (x1,x2,%3)-(y1,¥2,y3) = (x1 + y1, 6t ys+ 5y — yix2)).
® Define §, for a > 0 by
0o ' R® — R?

x = (x1,x,x3) — da[x] = (ax, X2,(,¥2X3)

Topological dimension n = 3, Homogeneous dimension N = 4.

— H = (R3,-,§) corresponds to the Heisenberg group
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Stratified Lie groups An example : the Heisenberg group (1)
An example : the Heisenberg group (I1)

The structure of the Heisenberg group

e Consider x = (x1, X2, x3) € R® and the non commutative group law

1
x-y = (x1,x2,%3)-(y1,¥2,y3) = (x1 + y1, X ys+ 5 0aye = y1x2)).
® Define §, for a > 0 by
bo:RP — R
x = (x1,x,x3) — da[x] = (ax, X2,(,¥2X3)

Topological dimension n = 3, Homogeneous dimension N = 4.

— H = (R3,-,§) corresponds to the Heisenberg group
2 1

e Norm : ||x]| = [(X12 +x3)" + 16x32} '
e Distance : d(x,y) = |y ! x|

® Haar measure = Lebesgue measure
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Stratified Lie groups An example : the Heisenberg
An example : the Heisenberg

Vector fields

We have a Lie algebra h given by the vector fields

1o} 1 0 0
Xl 8x1 2 x 8)(3 ’ and 0X3

and we have the identities

[X17X2] = X1X2 — X2X1 = T7 [X,‘, T] = [T, X,] = 0 where i = 1,2
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Stratified Lie groups An example : the Heisenberg group (I)
An example : the Heisenberg group (II)

Vector fields

We have a Lie algebra h given by the vector fields

0 1 0 0
Xl 8x1 2 x 8)(3 ’ and f)X3

and we have the identities

[X17X2] = X1X2 — X2X1 = T7 [X,‘, T] = [T, X,] = 0 where i = 1,2

— From the point of view of homogeneity we have
@ Xj and are homogeneous of degree 1

@ ...but T is homogeneous of degree 2 :
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Stratified Lie groups An example : the Heisenberg group (I)
An example : the Heisenberg group (II)

Vector fields

We have a Lie algebra h given by the vector fields

0 1 0 0
Xl 8x1 2 x 8)(3 ’ and f)X3

and we have the identities

[X17X2] = X1X2 — X2X1 = T7 [X,‘, T] = [T, X,] = 0 where i = 1,2

— From the point of view of homogeneity we have
@ Xj and are homogeneous of degree 1

@ ...but T is homogeneous of degree 2 :

X1 (f(8alx])) = a(Xaf)(dalx]), (f(3alx])) = a(Xaf)(8alx]),
and T (f(da[x])) = &*(TF)(Salx]).
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Laplacian
Semi-grou

Functio

@ We define a gradient :
V= (X17 )

@ We define a Laplacian by the formula
J ="+ X7

which is a positive self-adjoint, hypo-elliptic operator.
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Laplacian
Semi-groups

Functional Spaces

@ We define a gradient :
V= (X17 )

@ We define a Laplacian by the formula
J ="+ X7

which is a positive self-adjoint, hypo-elliptic operator.

@ We have a spectral decomposition :

J = /0 o AE(N)
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@ We define a gradient :

V= (X17 )
@ We define a Laplacian by the formula

T =—(X*+ X%

which is a positive self-adjoint, hypo-elliptic operator.

@ We have a spectral decomposition :

J = /0 o AE(N)

@ in particular we can define :
T = / T N dE()
0
If s < 0 we have
JZf(x)=C / - 37 H F(x)dt



Laplacian
Semi-groups
Functional Spaces

Let k € N and m € CK(R*), with jmi, -,

sup (1+ A)F|mD()].
<r<k

A>0

+oo
m(tT) = /0 m(t\)dE(N)
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Laplacian
Semi-groups

Tools
Functional Spaces

Let k e N and m € Ck(RJr), With imi| = sup @+ N5 mO ).
0<r<k
A>0

+oo
m(tT) = /0 m(t\)dE(N)

= m(tJ)(f)(x) = M; * f(x)
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Laplacian
Semi-groups

Tools
Functional Spaces

Proposition

Let k e N and m € Ck(RJr), With imi| = sup @+ MmO ).
0<r<k
x>0

+oo
m(tT) = /0 m(t\)dE(N)

= m(tJ)(f)(x) = M; * f(x)

—> for | a multi-index we have

[xmey] , = cerEN iy

Example : m()\) = e
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Laplacian
Semi-groups

Tools
Functional Spaces

Proposition

Let k e N and m € Ck(RJr), With imi| = sup @+ MmO ).
0<r<k
x>0

+oo
m(tT) = /0 m(t\)dE(N)

= m(tJ)(f)(x) = M; * f(x)

—> for | a multi-index we have

[xmey] , = cerEN iy

Example : m()\) = e

— m(tJ) = e~/ = H, is the heat semi-group.
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roups

Functional Spaces

° LP(G).
° 2 F|leroo =sup{a\{x€G:\f(x)|>a}\1/"}.
o>0
[ ]
Fllyys.o = 172 Flle - (1< p < +00) 1fllwrs = [IVFa
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roups

Functional Spaces

° LP(G).
° 2 F|leroo =sup{a\{x€G:\f(x)|>a}\1/"}.
o>0
[ ]
Fllyys.o = 172 Flle - (1< p < +00) 1fllwrs = [IVFa

e weak Sobolev spaces ng"(((}) :
Ifllyse = |72 Fllee (1< p < +00)

e Besov spaces B:”>(G).

1Fllg=poc =sup t7%||Hef ||ioo
e t>0
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Inequalities (1 < p < +o0)
Inequalities (1 = p)
Theorems and sketch of the proofs

Theorem

Let G be a stratified Lie group. If f € W-P(G) and
f € B™®(G) then

1Fllea < CHAIGan IFIE S

517P‘ Bozﬁ’oo

where 1 < p< qg<+o0,0=p/q, s=0s1 —(1—0)3 and
-0 < s < s.
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Inequalities (1 < p < +o0)

Inequalities (1 = p)

Theorems and sketch of the proofs

Proof. We can rewrite this inequality in the following form

—(s1=5) 7] 1—0
1772 Flla < CIAIEIFI S e J
— Using the Laplacian negative powers characterization we have
—(s1—s) T 2-S_ 9 oo 1= 9
J 7 f(x)=C t 2 T Hf(x)dt + t 2 T Hf(x)dt
0 T
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Inequalities (1 < p < +o0)

Inequalities (1 = p)

Theorems and sketch of the proofs

Proof. We can rewrite this inequality in the following form

—(s1=5) 7] 1—0
1772 Flla < CIAIEIFI S e J
— Using the Laplacian negative powers characterization we have
—(s1—s) T 2-S_ 9 oo 1= 9
J 7 f(x)=C t 2 T Hf(x)dt + t 2 T Hf(x)dt
0 T

—> We use the estimates |H,f(x)| < |[MF(x)|, |H:f(x)| < T+ 11l = B—s.00

oo
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Inequalities (1 < p < +o0)

Inequalities (1 = p)
Theorems and sketch of the proofs

Proof. We can rewrite this inequality in the following form

H < CIFIB I e |

— Using the Laplacian negative powers characterization we have

—(sp—5) T s s Foo g s
T f(x)=C (/ t7 T Hf(x)dt +/ tlT*IHtf(x)dt>
0 T

—> We use the estimates |H,f(x)| < |[MF(x)|, |H:f(x)| < T+ 11l = B—s.00
— Applying these inequalities we obtain -

) <GT ™7 IMF(X)| + GT

pof—soe
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Inequalities (1 < p < +o0)

Inequalities (1 = p)
Theorems and sketch of the proofs

Proof. We can rewrite this inequality in the following form

< CUA IS e |

— Using the Laplacian negative powers characterization we have

—(sp—5) T s s Foo g s
T f(x)=C (/ t7 T Hf(x)dt +/ tlT*IHtf(x)dt>
0 T

—> We use the estimates |H,f(x)| < |[MF(x)|, |H:f(x)| < T+ 11l = B—s.00

oo

—— Applying these inequalities we obtain
W< QT 7 IMA(X)|+GT

_2
— Set T- (ufus_ﬁ_sl,oo/wf(x)|) 7 and then

—(s1=9)
T ()] < GIMF)IF —3 .00

Diego Chamorro - LaMME Sobolev inequalities



Inequalities (1 < p < +o00)

Inequalities (1 = p)

Theorems and sketch of the proofs

Let G be a stratified Lie group. If Vf € LY(G) and f € Bgf’w((})
then :

o [Weak inequalities|

IFlzs < CUVAIL NI e

where1<q<+oo,0<s<1/q<1,021/qandﬁzlq_%f’-
e [Strong inequalities|

IFlle < CIVAII I e

where 1 < g < +o00, 0 =1/q and B =6/(1 — 0).
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Inequalities (1 < p
Inequalities (1 = p)
Theorems and sketch of the proofs

Proposition (Modified Poincaré pseudo-inequality (0 < s < 1))

1—s

1T*2F = BTl < C £ 7 | VF .
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Theorems and sketch of the proofs

Proposition (Modified Poincaré pseudo-inequality (0 < s < 1))

1—s

1T*2F = BTl < C £ 7 | VF .

@ we have
+oo
_ (js/2f _ Htj5/2f)(x) = (/ m(t/\)dE)\) tlis/zjf(xy
0

with m(\) = X211 — e ) for A > 0.
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Inequa
Inequa
Theorems and sketch of the proofs

Proposition (Modified Poincaré pseudo-inequality (0 < s < 1))

1—s

1T*2F = BTl < C £ 7 | VF .

@ we have
+oo
_ (js/2f _ Htj5/2f)(x) = (/ m(t/\)dE)\) tlis/zjf(xy
0

with m(\) = X211 — e ) for A > 0.

@ we cut this function m(\) = mo(A) + m1(\)

(/0+oo mo(t)\)dEA> 12 TF(x) + </O+OO ml(t)\)dEA> 12 7 (x)

= T PTFxMO(x) + T« MY (x)
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Inequa
Inequa
Theorems and sketch of the proofs

Proposition (Modified Poincaré pseudo-inequality (0 < s < 1))

1—s

1T*2F = BTl < C £ 7 | VF .

@ we have
+oo
_ (js/2f _ Htj5/2f)(x) = (/ m(t/\)dE)\) tlis/zjf(xy
0

with m(\) = X211 — e ) for A > 0.

@ we cut this function m(\) = mo(A) + m1(\)

(/0+oo mo(t)\)dEA> 12 TF(x) + </O+OO ml(t)\)dEA> 12 7 (x)

= T PTFxMO(x) + T« MY (x)

= 72V« VMO (x) + 72V« VMY (x)
@ taking the L' norm

1(F)llix < &IV VMO a0+ 2V a | VMY ||
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Weak inequalities

75 lise < CIVFIL T J
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Weak inequalities

75 lise < CIVFIL T J

@ By homogeneity, we can suppose Hjs/zfnsfﬁfs,oo <1

172 F |l ae < C[VF]|%
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Weak inequalities

75 lise < CIVFIL T J

@ By homogeneity, we can suppose Hjs/zfnsfﬁfs,oo <1

172 F |l ae < C[VF]|%

@ we need to estimate |{x € G : |75/%f(x)| > 2a}
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Weak inequalities

75 lise < CIVFIL T J

@ By homogeneity, we can suppose Hjs/zfnsfﬁfs,oo <1

172 F |l ae < C[VF]|%

@ we need to estimate |{x € G : |75/%f(x)| > 204}‘

. B+s
@ since HJS/QfHB—st,oo <1 < SUp{tT+||Htjs/2fHLoc} <1
e t>0
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Weak inequalities

75 lise < CIVFIL T J

@ By homogeneity, we can suppose Hjs/zfnsfﬁfs,oo <1

172 F |l ae < C[VF]|%

@ we need to estimate |{x € G : |75/%f(x)| > 204}‘
. B+s
@ since | %/ ?f||p-eoe <1 <> sup{tT+||Htjs/2f|\Loc} <1
© t>0
 If tn —a (5% | we obtain ||He, J/3f||1 < a.

{x €G: | TV (x)| > Qa} C {x € G : |T?F(x) — Hiy, T (x)| > (y}

Diego Chamorro - LaMME Sobolev inequalities



Inequalities (1 <

Inequalities (1 = p)

Theorems and sketch of the proofs

Using Tchebychev inequality

o {x € G : |T*F(x)| > 204}‘ < oﬂ*l/ | T2 F(x) — He, T2 (x)|dx.
G
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Inequalities (1 < p +00)

Inequalities (1 = p)

Theorems and sketch of the proofs

Using Tchebychev inequality

th

{x €G:|T"*(x)| > 204}‘ < oﬂ*l/ | T2 F(x) — He, T2 (x)|dx.
G
Now use the modified Poincaré pseudo-inequality

th

1—s
{x € G:|T"*(x)| > 204}‘ < Ca¥ 't / |V£(x)|dx.
G
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Theorems and sketch of the proofs

Using Tchebychev inequality

th

{x €G:|T"*(x)| > 204}‘ < oﬂ*l/ | T2 F(x) — He, T2 (x)|dx.
G
Now use the modified Poincaré pseudo-inequality

th

1—s
{x € G:|T"*(x)| > 204}‘ <Ca¥lt,? / |V£(x)|dx.
G
But, by the choice of t,, one has

o [{x € G |73 (x)] > 2a}| < CIIVF |l
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Theorems and sketch of the proofs

Using Tchebychev inequality

th

{x €G:|T"*(x)| > 204}‘ < oﬂ*l/ | T2 F(x) — He, T2 (x)|dx.
G
Now use the modified Poincaré pseudo-inequality

th

1—s
{x € G:|T"*(x)| > 204}‘ <Ca¥lt,? / |V£(x)|dx.
G
But, by the choice of t., one has

o [{x € G |73 (x)] > 2a}| < CIIVF |l

= ||T* |0 < C|IVF|2
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Strong inequalities [Ledoux]

When s = 0 in the weak inequalities it is possible to obtain stronger
estimations.

Proof. we will start with ||f]|;—s,c <1 and we study

[Ifllea < CIIVFILx
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Strong inequalities [Ledoux]

When s = 0 in the weak inequalities it is possible to obtain stronger
estimations.

Proof. we will start with ||f]|;—s,c <1 and we study

[Ifllea < CIIVFILx

We use now the characterization of Lebesgue space given by the distribution
function :

1 oo
o llfllis =/ [{x € G :[f(x)| > 5a}|d(a%)
0
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Inequalities (1 < p +00)
Inequalities (1 = p)
Theorems and sketch of the proofs

Strong inequalities [Ledoux]

When s = 0 in the weak inequalities it is possible to obtain stronger
estimations.

Proof. we will start with ||f]|;—s,c <1 and we study

[Ifllea < CIIVFILx

We use now the characterization of Lebesgue space given by the distribution
function :

1 oo
o llfllis =/ [{x € G :[f(x)| > 5a}|d(a%)
0

We need to estimate |{x € G : |f(x)| > 5a}| J
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Inequalities (1 < p +00)

Inequalities (1 = p)

Theorems and sketch of the proofs

We need a cut-off function :

Oa(—t) = —04(t)

0 if 0<T<a
t—a if a<T< Ma
(M =1 if T > Ma

we define f, = ©,(f).
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Inequa
Inequa

Theorems and sketch of the proofs

We need a cut-off function :

Oa(—t) = —Oa(t)

0 if 0<T<a«a
t—« if a<T< Ma
(M =1 if T > Ma

we define f, = ©,(f).

+o0 +oo
/ |{x€G:|f(x)|>5a}|d(a")§/ | {|fu] > 4a} |d(a)
0 0 N———

Aa
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Inequa
Inequa

Theorems and sketch of the proofs

We need a cut-off function :

0 if 0<T<a«a
t—« if a<T< Ma
(M =1 if T > Ma

we define f, = ©,(f).

+o0 +oo
/ |{x€G:|f(x)|>5a}|d(a")§/ | {|fu] > 4a} |d(a)
0 0 N———

Aa

We define the following sets
Ao = {lfa] > 40} Bo = {|fa — He, (fa)| > o}

Ca = {|Heo (fa — f)| > 2a}
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By linearity of the Heat semi-group we obtain A, C B, U C,.
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Inequalities (1 = p)

Theorems and sketch of the proofs

By linearity of the Heat semi-group we obtain A, C B, U C,.

+oo +oo +o0
/ |Auld(a) < / |Buld(a) + / |Cal d(a)
0 0 0
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Inequalities (1 = p)

Theorems and sketch of the proofs

By linearity of the Heat semi-group we obtain A, C B, U C,.

+oo +oo +o0
/ |Auld(a) < / |Buld(a) + / |Cal d(a)
0 0 0

Tchebytchev's inequality implies

B <at /G 1) — Moo (£2) ()] dx.
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By linearity of the Heat semi-group we obtain A, C B, U C,.

+oo +oo +o0
/ |Auld(a) < / |Buld(a) + / |Cal d(a)
0 0 0

Tchebytchev's inequality implies

B <at /G 1) — Moo (£2) ()] dx.

Using the modified Poincaré pseudo-inequality with s = 0 we obtain :

|Ba| < Ca_q/ [V £(x)|dx.
{a<|fI<Ma}
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By linearity of the Heat semi-group we obtain A, C B, U C,.

+oo +oo +o0
/ |Auld(a) < / |Buld(a) + / |Cal d(a)
0 0 0

Tchebytchev's inequality implies

B <o /G () — He (F2)(x) .

Using the modified Poincaré pseudo-inequality with s = 0 we obtain :
|Ba| < Ca_q/ [V £(x)|dx.
{a<|fI<Ma}

We integrate now the preceding expression with respect to d(a?) :

+o0o
/ 1Bald(a) < C q log(M)[[ Vs
0
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By linearity of the Heat semi-group we obtain A, C B, U C,.

+oo +oo +o0
/ |Auld(a) < / |Buld(a) + / |Cal d(a)
0 0 0

Tchebytchev's inequality implies

B <o /G () — He (F2)(x) .

Using the modified Poincaré pseudo-inequality with s = 0 we obtain :
|Ba| < Ca_q/ [V £(x)|dx.
{a<|fI<Ma}

We integrate now the preceding expression with respect to d(a?) :

+o0o
/ 1Bald(a) < C q log(M)[[ Vs
0
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Theorems and sketch of the proofs

Open problem

How to obtain strong inequalities from weak ones?

11l yzs < CIVAIL NI

4

1F1lyea < CIVAILIFI

B‘*°°

Bﬁ‘”
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Open problem

How to obtain strong inequalities from weak ones?

11l yzs < CIVAIL NI

4

1F1lyea < CIVAILIFI

B‘*°°

Bﬁ‘”

A first step : ||f||js0 with g <r?
— Non-local objects : J5/2
= Definition of Sobolev-Lorentz spaces (distribution function)
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