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Greedy Approximants

Let (&), be a seminormalized basis for a Banach space X,
le.d0<a<b
a<l|el<b (i=1).

For x € X:

X = i a;e; (a,- = e;*(x))
i=1

Define a set A, of m coefficient indices:

Am| = m; min{|aj[: i € Am} = max{|aj[: i ¢ Am}.
Then
Gm(x) = Pa,(x Z a;e;
Ie/\m

is an m-th greedy approximation to x.



The Thresholding Greedy Algorithm (TGA) converges, if
Gm(x) — x.



The Thresholding Greedy Algorithm (TGA) converges, if
Gm(x) — x.

Example
Suppose x = e; — 3e, — 4es + 3ey.



The Thresholding Greedy Algorithm (TGA) converges, if
Gm(x) — x.

Example
Suppose x = e; — 3e, — 4es + 3ey.
Gq (X) = —4es

Go(x) = —4e5 —3ex or Go(x) = —4es5 + 3ey
G3(x) = —4es — 3ep + 3ey,
Gy(x) = —4es — 3ex + 3e7 + ey



Convergence of the TGA

Definition (Konyagin-Temlyakov, 1999)
(ej) is quasi-greedy (QG) if there exists a constant K (the
quasi-greedy constant) such that

IGn()| < Kllx[ - (x € X;n>1).



Convergence of the TGA

Definition (Konyagin-Temlyakov, 1999)
(ej) is quasi-greedy (QG) if there exists a constant K (the
quasi-greedy constant) such that

IGn()| < Kllx[ - (x € X;n>1).

Theorem (Wojtaszczyk, 2000)

(e) is quasi-greedy (QG) if and only if the TGA converges, i.e.
VX = 2,021 ae;,

X =) a)(X)es)
i=1
for every greedy ordering px : N — N,

la, )| = lap vyl (P=1).
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QG Bases

» (e;) is unconditional if every rearrangement of
X =) €(x)e; converges, SO

unconditional = QG.

Wojtaszczyk) /o has a conditional QG basis
DKK) Every QG basis of ¢y is unconditional
DKK) L]0, 1] has a QG basis (but not the Haar system)

>
>
>
» (DKK) CJ0, 1] does not have any QG basis

(
(
(
(

Question
Does every Banach space contain a QG basic sequence



Best n-term approximation

For x € X, on(x) is the error in the best n-term approximation to
X:
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Best n-term approximation

For x € X, on(x) is the error in the best n-term approximation to

X.
on(x) = inf{||lx = > oyl : |Al=n, aj €R}.
JEA
Hence
on(x) < [[x = Ga(X)]]-
Definition

(&) is greedy with greedy constant C > 1 if

|x — Gn(x)|| < Con(x) (x € X,neN).
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Example

The unit vector basis of /, or ¢y is 1-greedy, i.e.

1 = Gn(X)[| = on(x)-

Theorem A (Temlyakov, 1998)

For d > 1 the multivariate Haar basis of L,[0,1]9 (normalized in
L,[0,1]9) is Cp-greedy for1 < p < oc.
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Democratic Bases

Definition
(e) is democratic with constant A (A-democratic) if V finite
A BCN,
A<IB =Y el <Al el
icA ieB
1
Al =1Bl= X doell <D el <ald el
ieB icA ieB

Recall that a basis is subsymmetric if it is unconditional and
equivalent to its subsequences:

subsymmetric = democratic & unconditional.
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Characterization of Greedy Bases

Theorem (Konyagin-Temlyakov, 1999)
Greedy < unconditional & democratic.

Example
Subsymmetric bases are greedy

Theorem A (Temlyakov, 1998)

The Haar basis of L,[0, 1] (normalized in L,[0,1]) is Cp-greedy
for1 < p < 0.

Remark
The greedy constant Cp, > 1 unless p = 2.



K-Greedy = K-Democratic
Suppose |A| < |B| := n. Lete > 0. Consider

x=(1+¢) > e+ e

icB\A icA



K-Greedy = K-Democratic
Suppose |A| < |B| := n. Lete > 0. Consider

x=(1+¢) > e+ e
icB\A icA



K-Greedy = K-Democratic
Suppose |A| < |B| := n. Lete > 0. Consider

x=(1+¢) > e+ e

icB\A icA
1> eill = llx = Ge()

icA



K-Greedy = K-Democratic
Suppose |A| < |B| := n. Lete > 0. Consider

x=(1+¢) > e+ e

icB\A icA
1> eill = llx = Ge()

icA
< KO'k(X)



K-Greedy = K-Democratic
Suppose |A| < |B| := n. Lete > 0. Consider

x=(1+¢) > e+ e

ieB\A icA
1> eill = lIx = Ge(x)ll
i€A

< Kok(x)

<Klx— ) el
icA\B

=K| > e+(1+e) > e

ieAnB ieB\A

since |A\ B| < k.



K-Greedy = K-Democratic
Suppose |A| < |B| := n. Lete > 0. Consider

x=(1+¢) > e+ e

ieB\A icA
1> eill = lIx = Ge(x)ll
i€A

< Kok(x)

<Klx— ) el
icA\B

=K| > e+(1+e) > e

ieAnB ieB\A

since |[A\ B| < k. Lete — O:

1> el <KID el

icA ieB
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Almost greedy bases

Definition
The error in the best n term projection approximating x is given
by

n(x) = inf{||lx = > " er(x)gll - |A < n}.

JEA

Theorem (DKKT)
The following are equivalent:
» 3C such that

Ix = Ga(X)Il < Con(x)  (xe€X,n=1).

» (e;) is QG and democratic.
» 3C such that

IX = Gon(X)]| < Con(x)  (x€X,n>1).
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Definition
(ej) is almost greedy if (g;) is QG and democratic

Theorem (DKK)

Suppose X has a basis and contains a complemented
subspace with a symmetric basis and finite cotype. Then X has
a an almost greedy basis.
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Chebyshev approximation

For x € X, recall

Let
Gr(x)= Y bie;

iE/\n(X)

be a best approximation to x from span{e;: i € Ap(x)}.

Theorem (DKK)
Let (e;) be almost greedy. Then, for all x € X,

Ix = GE(X)|| < Kon(x) ~ (n>1)

where K depends on the QG and democratic constant of (e&;).
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Duality fails in general:
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Duality

Duality fails in general:

» If (&) is greedy then (&) may fail to be democratic

» If (&) is QG then (e}) may fail to be QG.

Definition
The fundamental function ¢ : N — R of (&) is defined by:
p(n):=sup || ) eil.
|Al<n ;

Hence (e)) is A-democratic if V finite A C N,

p(|A) <Al eill.

i€cA
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(URP) if 3C > 0 and 0 < 8 < 1 such that
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Definition
A fundamental function (¢ (n)) has the upper regularity property
(URP) if 3C > 0 and 0 < 8 < 1 such that

p(m) < C(m/n)’e(n)  (m>n).

Theorem (DKKT)

If (en) is a greedy (resp. almost greedy) basis whose
fundamental function has URP, then (€},) is a greedy (resp.
almost greedy) basic sequence.
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Corollary

Suppose X has type p > 1. If (en) is a greedy basis for X then
(¢(n)) has URP. So (€}, is a greedy basis for X*

Corollary

Let (e;) be a QG basis for a separable Hilbert space. Then both
(e;) and (e) are almost greedy bases for H.

Theorem (DKKT)

If (¢(n)) does not have URP then there exists a reflexive
Banach space with a greedy basis whose fundamental function
equivalent to o whose dual basis is not greedy.
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Characterization of duality

Definition

Let (en) be a basis for X with fundamental function (yp). Let
(¢5) be the fundamental function for (e};). Then (&) is
C-bidemocratic if

p(ng*(n)<Cn  (neN),

er}k <C (ACN).
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Characterization of duality

Definition

Let (en) be a basis for X with fundamental function (yp). Let
(¢5) be the fundamental function for (e};). Then (&) is
C-bidemocratic if

p(ng*(n)<Cn  (neN),

Som)z(e;f <C (AcCN)

icA

Theorem
Let (en) be a QG basis for X. The following are equivalent:

» (¢n) is bidemocratic
» Both (e;) and (e}) are almost greedy.



Corollary

Every greedy basis with fundamental function (p(n)) is
bidemocratic if and only if (p(n)) has URP.
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1-Greedy Renormings

Definition
(&) is suppression C-unconditional if v finite A C N, and
VX = Z a;e;,

I1Pa(x)Il < Clix|-

Theorem

(Konyagin-Temlyakov)
» C-unconditional and A-democratic = (C + C3A)-greedy.
» K-greedy = K-democratic & suppression K-unconditional.

Corollary

» 1-unconditional & 1-democratic = 2-greedy
» 1-greedy = suppression 1-unconditional & 1-democratic



Theorem (DOSZ)

» 1 a 1-unconditional & 1-democratic basis that is not
(2 — ¢)-greedy for any ¢ > 0.

» 3 a1-greedy basis that is not (2 — ¢)-unconditional for any
e > 0.
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Theorem (Albiac-Wojtaszczyk)

A suppression 1-unconditional basis is 1-greedy iff || x|| is
invariant under all greedy permutations (x) of x.

Example

A greedy permutation of x moves to other coordinates some of
the largest coefficients, possibly changes their sign, and leaves
all other nonzero coefficients unchanged. Consider

X =2e1 —5e> —4e3+ 5eg — Seg — eg.
The vector y below is a greedy permutation of x:

y =2ey —4e3+5e4 + 565 — 5e7 — ey.

Hence ||y|| = ||x|| if the basis is 1-greedy.
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Corollary (Albiac-Wojtaszczyk)
» 1-symmetric = 1-greedy

» J a1-greedy basis that is not 1-symmetric

Question (Albiac-Wojtaszczyk)

Suppose (g)) is greedy. Is there a renorming of X so that (g;) is
1-greedy in the new norm?
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Theorem (DOSZ)
Suppose (€;) is suppression 1-unconditional, 1-democratic, and

e(n) > Cn (n>=1).

Then (e;) is equivalent to the unit vector basis of .

Corollary

The Haar basis for the dyadic Hardy space H; is greedy but not
1-democratic and suppression 1-unconditional (hence not
1-greedy) in any equivalent norm.

Corollary

The Tsirelson space T has a greedy basis, but no 1-democratic
and suppression 1-unconditional (hence no 1-greedy) basis in
any equivalent norm.
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Recent Positive Results
Theorem (DKOSZ, in press)

Suppose (€;) is unconditional and bidemocratic. Givene > 0 3
an equivalent norm so that (e;) is 1-unconditional,
1-bidemocratic, and (1 + ¢)-greedy.

Sketch Proof.

» Characterize K-greedy bases by generalizing the
Albiac-Wojtaszczyk characterization of 1-greedy bases.

» Define the new norm explicitly.

» Show the new norm is an equivalent norm using the
bidemocratic property:

PUAD S
a2

ieA

<C (ACN).

» Show the norm satisfies the characterization for K =1 + ¢.
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Corollary

for1 < p < oo ande > 0 3 an equivalent norm on L,[0,1] so
that the Haar basis is (1 + ¢)-greedy.

Theorem (DKOSZ)

Let (e;) be a greedy basis. Givene > 0, 3 an equivalent norm
so that (e;) is 1-unconditional and (1 + €)-democratic, hence
(2 + ¢)-greedy.

The main ingredient is a combinatorial lemma which says that
all democratic bases are “sufficiently bidemocratic”.

Lemma

Let (e;) be a normalized 1-unconditional, A-democratic basis
with fundamental function (¢(n)). Given0 < q <1 3C(q, A)
such that for all finite E ¢ N 3A C E with |A| > q|E| such that

PAD) — .
Al 2

icA

<C




Theorem

Suppose (€;) is a greedy basis for X and ¢(n) < n (e.g. dyadic
H; and Tsirelson space). Then e > 0 there is a renorming so
that (e;) is (1 + €)-greedy.
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Question (Albiac-Wojtaszczyk)
Is every 1-greedy basis C-symmetric?

Theorem (DOSZ3)
There is a renorming of {> @ (> 1 for which the natural basis is
1-greedy. This basis is not subsymmetric

Remark
¢» 1 is a Lorentz space:

1Y " ajeillzs =Y ar(Vi—vi-1).

The renorming of /> @ /> 1 is not given by a simple formulal!
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Greedification

Definition
Let (e;) be a basis for (X, | - ||). For x € X
>

f(x) = inf{||y||: y is a greedy rearrangement of x}.

S
n n
IX[l1 =inf{> " f0a): x = xi}-
i=1 i=1
Remark
| -lls =11l < (&) is 1-greedy for || - ||.
Theorem

For X = {, ®1 (21, the natural basis is 1-greedy for || - ||1 (so

- Ml =11 12)-



Open questions about the greedy constant

Question
Is every greedy basis (1 + ¢)-greedy in an equivalent norm?

Question

Is every bidemocratic greedy basis 1-greedy in an equivalent
norm?

Question
Let 1 < p < 0. Is the Haar basis for L,[0, 1] 1-greedy in an
equivalent norm?



